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GENERIC TROPICAL VARIETIES ON SUBVARIETIES AND IN THE
NON-CONSTANT COEFFICIENT CASE
KIRSTEN SCHMITZ
ABSTRACT. In earlier papers it was shown that the generic tropical variety of an ideal can
contain information on algebraic invariants as for example the depth in a direct way. The
existence of generic tropical varieties has so far been proved in the constant coefficient
case for the usual notion of genericity. In this paper we generalize this existence result
to include the case of non-constant coefficients in certain settings. Moreover, we extend
the notion of genericity to arbitrary closed subvarieties of the general linear group. In
addition to including the concept of genericity on algebraic groups this yields structural
results on the tropical variety of an ideal under an arbitrary linear coordinate change.
1. INTRODUCTION
One aim of tropical algebraic geometry is to provide a tool to study certain algebraic
varieties with the help of combinatorial objects associated to them, see for example [4, 5,
17, 24]. These tropical varieties can be defined in various ways and settings, for instance
as explained in [7]. We will use a definition relying on Gro¨bner basis theory as stated
below.
A striking observation concerning tropical varieties as defined in this way is that they
depend on the choice of coordinates of the polynomial ring containing the defining ideal.
As algebraic invariants of its coordinate ring are, however, by definition independent of
the choice of coordinates, the question arises whether there are generic tropical varieties
which encode algebraic invariants in a direct way. In [21] it was shown that generic
tropical varieties exist in the constant coefficient case for the usual notion of “genericity”.
These generic tropical varieties contain information on invariants as for example the depth
and multiplicity of the coordinate ring in a direct way, see [22].
In this paper the existence result of [21] will be generalized in two ways. First it will
include the non-constant coefficient case in the setting of the field of generalized power
series L over a given ground field K. The proofs for this can also be adapted to work for
slightly different valued field, e.g the field of Puiseux series over K (in which case we
need to assume that the characteristic of K is 0) or the field introduced in [16], but rely on
the structure of L being a field of formal power series over K.
The second generalization is with respect to the notion of “genericity”. In the classical
statements on the existence of generic initial ideals in Gro¨bner basis theory (as in [6,
Section 15.9] and [8]) the term “generic” refers to the existence of a non-empty open
subset U of the general linear group GLn(K) over K such that a given property hold for
all g ∈ U . Most proofs revolving around this notion, however, do not use any specific
properties of GLn(K) other than it being closed in itself and irreducible. We therefore use
the notion of genericity with respect to any closed irreducible subvariety V of GLn(K) as
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explained in Section 4 and prove the existence of a generic tropical variety on V . This
leads to certain finiteness results regarding possible tropical varieties of arbitrary linear
coordinate transformations, such as Corollary 8.9.
This paper is organized as follows. In Section 2 the basic objects of study in our setting
and our notation is introduced and the main result is summarized. Since the proofs of
the main results depend on considering certain extensions of valued fields, the technical
issues and statements concerning this are presented in Section 3. The precise definition of
genericity used here are given in Section 4 along with some general results needed in the
following. In Section 5 the existence of generic Gro¨bner complexes in this general setting
is proved using the methods developed in [13]. The proof of the existence of generic
tropical varieties in this general meaning seems to be more involved. It relies on the
ideas of [11] where short tropical bases are produced with the help of rational projections.
The technical generalizations concerning the auxiliary ideals and the rational projections
introduced there to our context are explained in Sections 6 and 7, respectively. In Section 8
we give the proof of the existence of generic tropical varieties and generic tropical bases.
Section 9 concludes the paper with some example classes for which generic Gro¨bner
complexes and tropical varieties can be computed directly.
The material is to a large extent contained in [23].
2. PRELIMINARIES AND STATEMENT OF RESULT
For the following let K be an algebraically closed field and L be the field of generalized
power series over K, see Section 3 for the technical details on the valued fields needed for
the proof of the main theorems. The assumption that K be algebraically closed is needed
for instance for Proposition 4.2. We will use the definition of Gro¨bner complexes and
tropical varieties from [13, Chapter 2]. Following the notation there, for an element a of
the valuation ring RL of L we denote by a the image of a in the residue field of RL modulo
its maximal ideal. Note that in our setting this field is canonically isomorphic to K and
we will identify it with K in the following.
Let SL = L[x1, . . . ,xn] and SK = K[x1, . . . ,xn] be the polynomial rings in n variables over
L and K, respectively. For a polynomial f ∈ SL with f = ∑ν∈Nn aνxν all of whose coeffi-
cients aν are in RL we denote by f the polynomial ∑ν∈Nn aνxν ∈ SK .
For f ∈ SL and ω ∈ Rn we can consider the polynomial f (x1tω1, . . . ,xntωn), which is the
image of f under the L-algebra automorphism on SL induced by mapping xi to xitωi. Let
W = min
ν
{v(aν)+ω ·ν} .
Then
inω( f ) = t−W f (x1tω1, . . . ,xntωn) ∈ SK
is called the initial form of f with respect to ω .
We consider graded ideals I ⊂ SL with respect to the standard Z-grading. For a graded
ideal I ⊂ SL the ideal
inω(I) = (inω( f ) : f ∈ I)⊂ SK
is called the initial ideal of I with respect to ω . We denote by (SL/I)d the L-vector space
of homogeneous elements of degree d of SL/I for d ∈ Z.
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In contrast to the classical setting the partial ordering of terms induced by their ω-weights
cannot be refined by a monomial ordering, since this partial order depends on the coef-
ficients of the monomials appearing. This leads to some technical difficulties, see [13].
However, the main properties of I as a graded ideal in SL are preserved under the degen-
eration to inω(I).
Proposition 2.1 ([13]). Let I ⊂ SL = L[x1, . . . ,xn] be a graded ideal and ω ∈ Rn. Then
inω(I) is a graded ideal and the Hilbert function of the two corresponding coordinate
rings agree: For d ≥ 0 we have
dimL(SL/I)d = dimK(SK/ inω(I))d.
In particular, this implies equality for the Krull dimensions dim(SL/I)= dim(SK/ inω(I)).
In classical Gro¨bner basis theory for a graded ideal I ⊂ SK a complete fan in Rn is defined
by the following equivalence relation, see [18]. Two vectors ω,ω ′ ∈ Rn are equivalent
if and only if inω(I) = inω ′(I). The equivalence class C = C[ω] of some ω ∈ Rn is
a relatively open cone and we denote by inC(I) the initial ideal corresponding to it. The
topological closure of C[ω] is called a Gro¨bner cone and the collection of all cones arising
in this way form a complete fan, the Gro¨bner fan GF(I), in Rn.
In the non-constant coefficient case for graded ideals I ⊂ SL the set of all ω ∈ Rn which
induce the same ideal inω(I) are the relative interior of a polyhedron, called a Gro¨bner
polyhedron. The collection of all these polyhedra form a polyhedral complex in Rn. All
of this is proved in [13, Chapter 2]. For a graded ideal I ⊂ SL the polyhedral complex
defined by all Gro¨bner polyhedra of I is called the Gro¨bner complex GC(I) of I.
We now consider the zero-set X(I)⊂ Ln of I consisting of all p ∈ Ln with f (p) = 0 for
all f ∈ I. Note that it is not required that I is a radical ideal. The notion of the tropical
variety of I originally describes the component-wise image of X(I) under v, i.e.
{(v(p1), . . . ,v(pn)) : p ∈ X(I)}∩Rn.
For computational aspects there is a useful description of tropical varieties in terms of
initial ideals, which is closely connected to the notion of initial ideals defined above. By
the so called fundamental theorem of tropical geometry (see for example [5, Theorem
4.2]) the tropical variety of a graded ideal I ⊂ SL as defined above can be identified with
the set of all ω ∈ Rn, such that inω( f ) is no monomial for all f ∈ I or, equivalently,
such that inω(I) contains no monomial. With this description the tropical variety is a
subcomplex of the Gro¨bner complex of I in a natural way. We consider this polyhedral
complex structure as part of this notion and take this as our definition.
Definition 2.2. Let I ⊂ SL be a graded ideal. Then the subcomplex of the Gro¨bner com-
plex of I induced on the set
{ω ∈ Rn : inω(I) does not contain a monomial }
will be called the tropical variety of I and be denoted by T (I).
To be able to refer to it, we state the following theorem essentially proved in [2, Theorem
A].
Theorem 2.3 ([2]). Let I⊂ SL =L[x1, . . . ,xn] be a graded ideal. If we consider the tropical
varieties as sets, we have:
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(i) T (I) = T (√I) =⋃P T (P) where the union is taken over all minimal prime ideals
P of I.
(ii) If I is prime with dim(SL/I) = m and I does not contain a monomial, then T (I)
is a pure m-dimensional complex.
(iii) If dim(SL/I)=m and there exists a minimal prime P of I containing no monomial
with dim(SL/P) = m, then dimT (I) = m.
To compute tropical varieties the concept of a tropical basis is useful. Let I ⊂ SL be a
graded ideal. Then a finite system of homogeneous generators f1, . . . , ft of I is called a
tropical basis of I if
T (I) =
t⋂
i=1
T ( fi).
In the constant coefficient case every ideal has a tropical basis as was observed in [3,
Theorem 2.9]. (The proof of that paper also works for other fields than C.) In the non-
constant coefficient case tropical bases, which use a restricted number of polynomials, are
constructed in [11]. The methods of rational projections used there will be important for
the proof of our main theorem.
The main result of this paper can be summarized as follows. Generalizing the result [21,
Theorem 1.1] we prove that for a graded ideal in SL a generic Gro¨bner complex and a
generic tropical variety exist for the notion of genericity described in the introduction and
elaborated in Section 4. More precisely, let I ⊂ SL be a graded ideal and V ⊂GLn(K) be a
closed subvariety. Then there exists a Zariski-open set /0 6=U ⊂V such that GC(g(I)) and
T (g(I)) are the same polyhedral complexes (respectively) for all g ∈U . Moreover, there
exists a notion of a generic tropical basis in the second case. This is stated and proved in
Theorem 5.1 for the Gro¨bner complex and in Theorem 8.7 for the tropical variety.
3. VALUED FIELDS
In this section the fields and valuations will be introduced, that are used in the following.
Let K be a field endowed with the trivial valuation v, where v(0) = ∞ and v(a) = 0 for a∈
K∗. This valuation gives rise to the so called constant coefficient case in tropical geometry.
To define tropical varieties in a meaningful way, however, field extensions of K with a
richer image are needed which inherit certain properties of K depending on the setting.
There are various possibilities to construct such field extensions. A prominent example
for a valued field (L,v) extending K with v(L) =R∪{∞} is the field of generalized power
series over K which will be the construction used in the following. This is a special case
of the following definition.
Definition 3.1. Let R be a domain. The set
R{{t}}=
{
∑
ν∈R
cνt
ν : cν ∈ R and {ν : cν 6= 0} is well-ordered
}
is called the ring of generalized power series over R.
Recall that this set with addition and multiplication analogously to those of polynomials
is indeed a domain, see [20, (1.14)]. If K is an algebraically closed field, then so is K {{t}},
see [20, (2.1) and (5.2)]. In this case there is a natural valuation on K {{t}} defined by
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v : K {{t}} −→ R∪{∞}
f = ∑
ν∈R
cνt
ν 7−→ min{ν : cν 6= 0} if f 6= 0
and v(0) = ∞. It is useful to view K {{t}} as a valued field extension of K endowed with
the trivial valuation.
Notation 3.2. In the following K will always denote an algebraically closed field equipped
with the trivial valuation and L = K {{t}} the field of generalized power series over K with
the natural valuation as defined above.
To obtain results on tropical varieties under generic coordinate transformations it is useful
to first consider the coefficients of these coordinate changes as independent variables, see
[21]. For a finite set of independent variables Y and a field K or L one can then do the
necessary computations in K(Y ) or L(Y ), respectively. Afterwards the desired coefficients
for these variables can be substituted, see Section 4 for the details. The main technical
problem with this is that the field extension by Y does not commute with taking the field
of generalized power series, i.e. K(Y ){{t}} is not canonically isomorphic to K {{t}}(Y ).
The rest of this section is devoted to establishing a setting which copes with this difficulty.
Let Y be a finite set of independent variables over L and consider the canonical inclusion
of polynomial rings K[Y ] →֒ L[Y ]. Moreover, for a domain R let Q(R) denote its quotient
field. We need the following result:
Proposition 3.3. Let K,L and Y be as defined above and P⊂K[Y ] be a prime ideal. Then
there is a canonical inclusion of rings
L[Y ]/PL[Y ] →֒ (K[Y ]/P){{t}} .
In particular, PL[Y ] is a prime ideal in L[Y ] and we have a natural field extension
Q(L[Y ]/PL[Y ]) →֒ Q(K[Y ]/P){{t}} .
Proof. Note that every element h ∈ L[Y ] is a formal sum ∑ν(∑µ∈R aνµtµ)yν , where we
abbreviate yν11 · · ·yνmm by yν for ν ∈ Nm, the set of ν appearing as exponents is finite and
for every ν the set
{
µ : aνµ 6= 0
}
is well-ordered.
We define the ring homomorphism
ψ : L[Y ] −→ (K[Y ]/P){{t}}
∑
ν
( ∑
µ∈R
aνµt
µ)yν 7−→ ∑
µ∈R
(∑
ν
aνµyν +P)tµ ,
which is well-defined, since for a given µ there exist only finitely many ν , such that
aνµ 6= 0. We show that kerψ = PL[Y ]. First note that for p ∈ P⊂ K[Y ] →֒ L[Y ] we have
ψ(p) = 0 by definition. Since ψ is a ring homomorphism, this implies
ψ(∑ pihi) = ∑ψ(pi)ψ(hi) = 0
for every finite sum with pi ∈ P and hi ∈ L[Y ]. Hence, PL[Y ]⊂ kerψ .
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For the other inclusion let h = ∑ν(∑µ∈R aνµtµ)yν ∈ kerψ . Then
∑
µ∈R
(∑
ν
aνµyν +P)tµ = 0,
so ∑ν aνµ yν ∈ P for every µ appearing. Choose an exponent ν0 ∈ Nm with non-zero
coefficient ∑µ∈R aν0µtµ in h. Furthermore, choose µ0, such that aν0µ0 6= 0. Since
p1 :=
1
aν0µ0
∑
ν
aνµ0y
ν ∈ P,
we can write yν0 = ∑ν 6=ν0 a′νµ0yν + p1, where a′νµ0 =−aνµ0/aν0µ0 . Hence,
h = ( ∑
µ∈R
aν0µ t
µ)yν0 + ∑
ν 6=ν0
( ∑
µ∈R
aνµt
µ)yν
= ( ∑
µ∈R
aν0µ t
µ)( ∑
ν 6=ν0
a′νµ0y
ν + p1)+ ∑
ν 6=ν0
( ∑
µ∈R
aνµt
µ)yν
= p1h1 + ∑
ν 6=ν0
( ∑
µ∈R
bνµtµ)yν ,
where p1 ∈ P, h1 ∈ L[Y ] and the right part is a polynomial in L[Y ] containing one less term
than h. By induction on the number of terms of h we obtain a finite expression h = ∑ pihi
with pi ∈ P, hi ∈ L[Y ], so h∈ PL[Y ]. This shows that PL[Y ] = kerψ . The map ψ therefore
induces a canonical inclusion
L[Y ]/PL[Y ] →֒ (K[Y ]/P){{t}} .
In particular, PL[Y ] is a prime ideal, as (K[Y ]/P){{t}} is a domain. Moreover, since
Q(K[Y ]/P){{t}} is a field, this inclusion induces the desired field extension
Q(L[Y ]/PL[Y ]) →֒ Q(K[Y ]/P){{t}} .

The field Q(L[Y ]/PL[Y ]) will play a fundamental role in the following sections, since it
provides the right tool to deal with “genericity” on the subvariety V ⊂ GLn(K) which is
the zero-set of P, see Section 4 for this notion.
With the above result we obtain a natural valuation on Q(L[Y ]/PL[Y ]) which extends the
valuation on L.
Corollary 3.4. The chain of inclusions
K {{t}}= L →֒Q(L[Y ]/PL[Y ]) →֒ Q(K[Y ]/P){{t}}
is an inclusion of valued fields, where the valuations on L and Q(K[Y ]/P){{t}} are the nat-
ural valuations as fields of generalized power series and the valuation on Q(L[Y ]/PL[Y ])
is the restriction of the one on Q(K[Y ]/P){{t}}.
We will use the following notation.
Notation 3.5. Let K →֒ L be as in Notation 3.2 and V ⊂ GLn(K) be a subvariety defined
by a prime ideal P. In the following L(V ) will always denote the field Q(L[Y ]/PL[Y ]) as
constructed above with the valuation of Corollary 3.4. In addition K(V ) will denote the
quotient field Q(K[Y ]/P) equipped with the trivial valuation.
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4. GENERICITY
As introduced in Section 3 we consider the field extension K →֒ L of valued fields, where
K is an algebraically closed field equipped with the trivial valuation and L = K {{t}} is the
field of generalized power series over K.
In this section we will specify the meaning of the term generic for this note and introduce
the notation used here. This notion of genericity differs from the one used in [6, 8] and
also so in [21, 22] in two ways. First of all we will not consider arbitrary coordinate
transformations. Since we are dealing with valued fields and the valuation has a great
influence on taking initial ideals as introduced in Section 2, coordinate transformations
involving field elements of non-zero valuation will not yield any “generic” results, see
[21, Remark 2.8]. We therefore only consider coordinate transformations by elements of
GLn(K) instead of the whole general linear group GLn(L).
Moreover, we will generalize the meaning of “generic” to arbitrary irreducible subvari-
eties of GLn(K). We will consider GLn(K) as an affine K-space of dimension n2 equipped
with the Zariski topology. In the classical setting in Gro¨bner basis theory the term generic
is used, if there exists a non-empty Zariski-open subset U ⊂ GLn(K), such that all g ∈U
fulfill a given condition. Such a set U is by definition of the Zariski topology dense in
GLn(K), so the name “generic” is justified. By a subvariety of V ⊂GLn(K) we will mean
a non-empty irreducible closed subset. As we would like to deal with properties of subva-
rieties of V as well, we will use the notion “generic for V”, meaning there is a non-empty
Zariski-open subset of V (in the induced topology) satisfying the given condition. In par-
ticular, this allows us to extend our results to algebraic subgroups of GLn(K) as well, see
Section 9 for a discussion of the subgroup of diagonal matrices. In addition this concept
can yield results on the number different outcomes for all coordinate transformations in
GLn(K), see Corollary 8.9.
To handle generic coordinate transformations the following L-algebra homomorphism
plays a fundamental role.
Definition 4.1. Let Y =
{
yi j : i, j = 1, . . . ,n
}
be a set of n2 independent variables over
K and V ⊂ GLn(K) be a subvariety defined by the prime ideal P ⊂ K[Y ]. Let L(V ) be
the field extension of L from Notation 3.5. In the following we consider the L-algebra
homomorphism induced by
y : L[x1, . . . ,xn] −→ L(V )[x1, . . . ,xn]
xi 7−→
n
∑
j=1
(y ji +PL[Y ])x j.
For any g = (gi j) ∈V ⊂GLn(K) this induces an L-algebra automorphism on L[x1, . . . ,xn]
by substituting gi j for yi j. We identify g with the induced automorphism and use the
notation g for both of them.
In addition we will sometimes use the restricted K-algebra homomorphism induced by
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y : K[x1, . . . ,xn] −→ K(V )[x1, . . . ,xn]
xi 7−→
n
∑
j=1
(y ji +P)x j.
Note that for any g ∈ GLn(K) the ideal g(I) is a graded ideal isomorphic to I as a graded
L-module. In particular, g(I) has the same Hilbert function as I. On the other hand the set
y(I)⊂ L(V )[x1, . . . ,xn] is not an ideal in general. In this case we will be interested in the
ideal generated by y(I) in L(V )[x1, . . . ,xn] and by abuse of notation denote this ideal by
y(I). Moreover, we will sometimes denote a polynomial in L(V )[x1, . . . ,xn] in the form
f (y) to emphasize its dependence on the yi j. Analogously, we denote the polynomial
obtained by substituting g ∈GLn(K) for y (if this is possible, i.e. if no denominator of the
coefficients in the yi j vanishes) by f (g).
In the situation that L is algebraically closed, this extension of ideals preserves the main
structural features of ideals which are important to us. This is due to the following propo-
sition.
Proposition 4.2. Let L⊂ L′ be a field extension and consider an SL-algebra inclusion
SL = L[x1, . . . ,xn] →֒ SL′ = L′[x1, . . . ,xn].
For any prime ideal P⊂ SL the extension PSL′ is also prime. If P1, . . . ,Ps are the minimal
primes of an arbitrary graded ideal I ⊂ SL, then P1SL′, . . . ,PsSL′ are the minimal primes
of ISL′. Moreover, for each homogeneous component of I we have dimL Id = dimL′(ISL′)d .
This implies that the Hilbert functions and, hence, the Krull dimensions of I and ISL′
coincide.
Proof. See [9, Chapter II, Exercise 3.15] for the first statement, which can be applied,
since L is algebraically closed.
The second statement follows from the fact that “going down” holds for flat extensions:
For a prime ideal P⊂ SL we first show that PSL′ ∩SL = P. The inclusion PSL′ ∩SL ⊃ P is
clear. Since SL →֒ SL′ is flat, by “going down” (see [6, Lemma 10.11]) we have Q∩SL = P
for any minimal prime Q ⊂ SL′ over PSL′. But since PSL′ is itself prime by the first
statement, this implies PSL′ ∩SL = P.
From this it follows directly that the minimal primes of I and ISL′ correspond to each
other: Let P be a minimal prime of I. Then ISL′ ⊂ PSL′ and PSL′ is prime. Assume that
there is a prime ideal Q⊂ SL′ with ISL′ ⊂Q⊂PSL′ . By contracting and the above result we
have I ⊂Q∩SL ⊂ P and P is minimal over I, so Q∩SL = P. Thus PSL′ = (Q∩SL)SL′ ⊂Q,
which implies Q = PSL′ . Hence, all the ideals P1SL′, . . . ,PsSL′ are minimal primes of ISL′ .
To show that there can be no other minimal primes let Q be any minimal prime of ISL′ .
Then I ⊂ (Q∩SL), the latter of which is prime. Since P1, . . . ,Ps are the minimal primes of
I, there exists an index l, such that I ⊂ Pl ⊂ (Q∩SL). So
ISL′ ⊂ PlSL′ ⊂ (Q∩SL)SL′ ⊂ Q.
Thus PlSL′ = Q, since both are minimal primes. This proves the second claim.
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To prove the last claim let h1, . . . ,hD be an L-vector space basis of Id , so Id =
⊕D
i=1 L ·hi.
Since (ISL′)d = Id⊗L L′ as an L′-vector space, we have
(ISL′)d = Id⊗L L′ = (
D⊕
i=1
L ·hi)⊗L L′ =
D⊕
i=1
(L⊗L L′) ·hi =
D⊕
i=1
L′ ·hi,
as the tensor product commutes with direct sums. Hence, (ISL′)d is D-dimensional as an
L-vector space proving the claim. 
Note that all statements of Proposition 4.2 apply to the ideal y(I) generated by the image
of I under y:
Remark 4.3. Proposition 4.2 implies that for a prime ideal P⊂ SL the ideal y(P)⊂ SL(V )
is also prime. Moreover, for an arbitrary ideal I ⊂ SL with minimal primes P1, . . . ,Ps
the extension y(I) of I under the L-algebra homomorphism y from Definition 4.1 has the
minimal primes y(P1), . . . ,y(Ps) and the same Krull dimension as I.
The concept of genericity as defined above will now be applied to introduce the generic
objects used in the following. As we have extended the meaning of “generic” to subvari-
eties of GLn(K), the questions of [21] can be adapted to ask for the existence of a generic
Gro¨bner complex and a generic tropical variety of I on a subvariety V ⊂ GLn(K).
Definition 4.4. Let V ⊂ GLn(K) be a subvariety and I ⊂ SL be a graded ideal.
(i) If for an open subset /0 6= U ⊂ V the Gro¨bner complex GC(g(I)) is the same
polyhedral complex for all g∈U , then this complex is called the generic Gro¨bner
complex of I on V . It will be denoted by gGCV (I).
(ii) If T (g(I)) is the same complex for all g in an open subset /0 6=U ⊂ V , then this
complex is called the generic tropical variety of I on V and is denoted by gTV (I).
If V is clear from the context we will also denote gGCV (I) by gGC(I) and gTV (I) by
gT(I), respectively.
A priori it is of course not clear, that generic Gro¨bner complexes or generic tropical vari-
eties exist. The proof of this will be the object of Section 5 and Section 8, respectively.
Note, however, that in the constant coefficient case the existence of a generic Gro¨bner fan
and generic universal Gro¨bner basis on a subvariety V of GLn(K) can be proved with the
same method as in the proof of [21, Theorem 3.1], where the field
K′ = K(yi j : i, j = 1, . . . ,n)
is replaced by K(V ). This yields the following theorem also needed in a later proof.
Theorem 4.5. Let I ⊂ SK be a graded ideal and V ⊂ GLn(K) a subvariety. Then there
exists an open set /0 6=U ⊂V and polynomials h1(y), . . . ,hs(y) ∈ y(I)⊂ SK(V ) such that
(i) {h1(y), . . . ,hs(y)} is a universal Gro¨bner basis of y(I).
(ii) For g ∈U the set {h1(g), . . . ,hs(g)} is a universal Gro¨bner basis of g(I).
(iii) All of these Gro¨bner bases have the same support.
As another first result in this direction we note that generically the tropical variety of an
ideal is empty if and only if dim(SL/I) = 0, the proof of which works exactly as the one
of the analogous statement in [21, Lemma 2.5] for the constant coefficient case.
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Proposition 4.6. Let I ⊂ SL = L[x1, . . . ,xn] be a graded ideal with dim(SL/I) > 0. Then
there exists an open subset /0 6=U ⊂ GLn(K), such that T (g(I)) 6= /0 for every g ∈U.
Note that every graded ideal I ⊂ SL with dim(SL/I) = 0 contains a monomial. Thus
Proposition 4.6 immediately implies that if it exists, gT(I) = /0 if and only if dim(SL/I) =
0.
Recall that dimT (I) can be strictly smaller than dim(SL/I) if I is not prime and the min-
imal primes of I defining the dimension contain monomials (this follows from Theorem
2.3). The above proposition shows that in general, however, equality holds between the
dimensions even in the case of non-prime ideals.
Corollary 4.7. Let I ⊂ SL = L[x1, . . . ,xn] be a graded ideal. There exists an open subset
/0 6=U ⊂ GLn(K), such that dimT (g(I)) = dim(SL/I) for every g ∈U.
Proof. The case dim(SL/I) = 0 is clear. Let dim(SL/I) = m > 0. Then there exists a
minimal prime P of I with dim(SL/P) = m. By Proposition 4.6 there exists an open
subset /0 6=U ⊂GLn(K), such that T (g(P)) 6= /0 for all g∈U . Since g(P) does not contain
a monomial for g ∈U , Theorem 2.3 implies that dimT (g(I)) = m for g ∈U . 
If the generic tropical variety exists for an ideal I on a subvariety V of GLn(K), we can also
hope to find a tropical basis of each ideal g(I), such that each member cuts out the same
tropical hypersurface generically. This concept is encoded in the following definition.
Definition 4.8. Let I ⊂ L[x1, . . . ,xn] a graded ideal and V ⊂ GLn(K) a subvariety. Let
y(I)⊂ L(V )[x1, . . . ,xn] be as in Definition 4.1. A finite set of polynomials
F1(y), . . . ,Fs(y) ∈ y(I)⊂ L(V )[x1, . . . ,xn]
is called a generic tropical basis of I on V , if there exists an open set /0 6= U ⊂ V , such
that:
(i) F1(g), . . . ,Fs(g) is a tropical basis of g(I) for g ∈U .
(ii) For every j we have: The tropical variety T (Fj(g)) is the same polyhedral com-
plex for every g ∈U .
If /0 6=U ⊂V fulfills these two conditions, the generic tropical basis is called valid on U .
The existence of generic tropical bases will be shown in Section 8.
5. GENERIC GRO¨BNER COMPLEXES
Let K and L be as defined in Notation 3.2. In [21, Corollary 3.2] the existence of a generic
Gro¨bner fan of a graded ideal I ⊂ K[x1, . . . ,xn] was proved. In the setting of this paper
this is the same as showing that a generic Gro¨bner complex of a graded ideal exists in the
constant coefficient case, that is if the ideal I ⊂ L[x1, . . . ,xn] is generated in K[x1, . . . ,xn],
see [13, Chapter 2] in a section on Gro¨bner bases.
In the non-constant coefficient case a similar result can be proved. The proof given here
relies on the fact that L is a field of power series over K and a priori does not apply in
a more general setting. The idea of the proof is taken from [13], where the concept of
Gro¨bner complexes is introduced and their existence is shown. Since only graded ideals
are considered, one can prove certain claims by considering the homogeneous compo-
nents of the ideals separately. These are finitely generated vector spaces, which can be
GTV ON SUBVARIETIES AND IN THE NON-CONSTANT COEFFICIENT CASE 11
compared by studying the corresponding Grassmannians embedded into projective space
via the Plu¨cker embedding.
Let U be a D-dimensional vector subspace of an N-dimensional L-vector space. By choos-
ing a basis we represent U as the row space of a D×N-matrix A with entries in L. We set
m =
(N
D
)
and consider the vector P ∈ Lm of all D×D-minors of A. The components of P
will be indexed by subsets of the N columns of A of cardinality D. Following the notation
in [13] in this section we denote the set of all such subsets by [N]D.
The equivalence class (up to scalar multiple) of P in projective space Pm−1 is called the
Plu¨cker coordinates of U in the Grassmannian GrL(D,N). Note that the components PJ of
P for J ∈ [N]D are elements of L, so we can consider the componentwise valuation v(P).
This is not a well-defined concept on the Plu¨cker coordinates, since these are defined up
to L-scalar multiple. In the following we will always mean that we apply the valuation
map to a fixed representative, when we consider the valuation of Plu¨cker coordinates. The
final results will always depend on differences v(PJ)− v(P′J) for J,J′ ∈ [N]D and this is
well-defined on the equivalence classes induced by scalar multiplication.
The aim of this section will be to prove the following theorem, which is an analogue to
[21, Theorem 3.1] in the non-constant coefficient case.
Theorem 5.1. Let I ⊂ SL be a graded ideal and V ⊂ GLn(K) be a subvariety. Then
there exists an open set /0 6=U ⊂V, such that the Gro¨bner complex GC(g(I)) is the same
complex for all g ∈U.
This theorem shows that the first part of Definition 4.4 is not vacuous, since generic
Gro¨bner complexes indeed exist. To prove this theorem we consider the graded com-
ponents of the initial ideals of g(I) for g ∈ V . These graded components each induce a
polyhedral complex in Rn, see [13]. Let d ≥ 0. For g ∈V and ω ∈ Rn set
Cdg(I)[ω] =
{
ω ′ ∈ Rn : inω ′(g(I))d = inω(g(I))d
}
.
We call the topological closure of this the Gro¨bner polyhedron of ω in degree d. The
name is justified by the following statement.
Lemma 5.2. Let I and V be as in Theorem 5.1 and d ≥ 0. Then there exists an open set
/0 6=U(d)⊂V, such that for every ω ∈ Rn the set
Cdg(I)[ω] =
{
ω ′ ∈ Rn : inω ′(g(I))d = inω(g(I))d
}
is the same relatively open polyhedron for all g ∈U(d).
Proof. We follow the proof of the corresponding statement in [13] using almost the same
notation and making the necessary observations for our result.
Consider the L-algebra homomorphism y : L[x1, . . . ,xn] −→ L(V )[x1, . . . ,xn] from Defi-
nition 4.1. Recall that y(I) ⊂ L(V )[x1, . . . ,xn] denotes the graded ideal generated by the
image of I under y.
Let dimL Id = D. We then have dimL(V ) y(I)d = D and dimL g(I)d = D for all g ∈ GLn(K)
by Remark 4.3. Moreover, by Proposition 2.1 we also know that dimK inω(g(I))d = D for
g ∈ GLn(K). Set N =
(
n+d−1
d
)
and enumerate all monomials of degree d by xµ1 , . . . ,xµN .
The L(V )-vector space y(I)d corresponds to a point in the Grassmannian GrL(V )(D,N)
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and for all g ∈ GLn(K) the L-vector spaces g(I)d correspond to points in the Grassman-
nian GrL(D,N). Moreover, the K-vector spaces inω(g(I))d correspond to points in the
Grassmannian GrK(D,N).
Let h1(y), . . . ,hD(y) be an L(V )-basis of y(I)d. Note that by multiplying with denomi-
nators we can choose the coefficients of the terms as polynomials in the residue classes
of the yi j modulo the defining prime ideal of V ⊂ GLn(K). This implies that the compo-
nents PJ(y) of the Plu¨cker coordinates of y(I)d for J ∈ [N]D are also polynomials in the
residue classes of the yi j. We claim that there exists an open set /0 6= U ⊂ V , such that
v(PJ(g)) = v(PJ(g′)) for all g,g′ ∈U and all J ∈ [N]D.
To prove this consider PJ(y) as an element of K(V ){{t}} by the natural inclusion
L(V ) →֒ K(V ){{t}}
as in Corollary 3.4. Thus we write PJ(y) as a formal power series in t whose coefficients
are polynomial expressions in the residue classes of the yi j. Choose an open subset /0 6=
U ⊂ V , such that no leading coefficient in any of the PJ(y) as an element of the valued
field K(V ){{t}} vanishes. This implies v(PJ(g)) = v(PJ(g′)) for all g,g′ ∈ U and every
J ∈ [N]D.
In particular, PJ(y) = 0 if and only if PJ(g) = 0 for g ∈U . So h1(g), . . . ,hD(g) is a basis of
the L-vector space g(I)d, since these vectors are linearly independent and the dimensions
of y(I)d and g(I)d coincide. Hence, PJ(g) are the Plu¨cker coordinates of g(I)d for g ∈U .
For J ∈ [N]D and g ∈U let MJ = ∑ j∈J µ j and W (ω) = minJ {v(PJ(g))+ω ·MJ}. Denote
by pωJ (g) the Plu¨cker coordinates of inω(g(I))d depending on ω ∈ Rn.
As proved in [13] the equation
pωJ (g) = tω·MJ−W (ω)PJ(g)
holds for g∈U up to global scaling, which does not change the point in the Grassmannian.
Thus for ω ′ ∈ Rn and g ∈U we have
ω ′ ∈Cdg(I)[ω] ⇔ inω ′(g(I))d = inω(g(I))d
⇔ pω ′J (g) = pωJ (g) ∀J ∈ [N]D
⇔ tω ′·MJ−W (ω ′)PJ(g) = tω·MJ−W (ω)PJ(g) ∀J ∈ [N]D.
If for some J ∈ [N]D we have PJ(g) = 0, then also pωJ (g) = 0 for every ω , so the above
statement does not impose a condition on Cdg(I)[ω]. If PJ(g) 6= 0, the last equation is
fulfilled if for every set J we have:
(i) Either the minimum W (ω) is not attained at J, so v(PJ(g))+ω ·MJ > W (ω).
Then pω ′J (g) = pωJ (g) = 0 and v(PJ(g))+ω ′ ·MJ >W (ω ′) as well.
(ii) Or we have v(PJ(g))+ω ·MJ =W (ω), then the Plu¨cker coordinates coincide if
and only if v(PJ(g))+ω ′ ·MJ =W (ω ′).
These equalities and inequalities define Cdg(I)[ω] to be the relative interior of a polyhedron
in Rn, which does not depend on g for g ∈U , as v(PJ(g)) is the same for every g ∈U . 
After having obtained individual “generic” Gro¨bner polyhedra in a given degree in Lemma
5.2, these can now be shown to form a polyhedral complex in Rn. This has been proved
in [13].
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Lemma 5.3 ([13]). For all g ∈U(d) as in Lemma 5.2 the collection of the closures of all
polyhedra Cdg(I)[ω] for ω ∈ Rn form the same polyhedral complex C d in Rn.
With these prerequisites the proof of Theorem 5.1 can be completed in the same way as
is done in [13].
Proof of Theorem 5.1. For each d ∈ N there exists an open set /0 6= U(d) ⊂ V , such that
the collection of the closures of all Cdg(I)[ω] for ω ∈ Rn is a fixed polyhedral complex C d
in Rn for g ∈U(d) by Lemma 5.3. It remains to show that there is a finite set D ⊂ N and
an open set /0 6=U ⊂V , such that for g ∈U we have
inω(g(I)) = inω ′(g(I))⇔ inω(g(I))d = inω ′(g(I))d for all d ∈D .
In this case we consider the common refinement of all C d for d ∈ D containing the clo-
sures of the relatively open polyhedra Cg(I)[ω] =
⋂
d∈D Cdg(I)[ω]. These polyhedra are
the equivalence classes of the relation of inducing the same initial ideal inω(g(I)) =
inω ′(g(I)) for two elements ω,ω ′ ∈ Rn for g ∈U . This proves Theorem 5.1.
To prove the above claim recall that g(I) ⊂ L[x1, . . . ,xn] has the same Hilbert function
for every g ∈ V . Moreover, the Hilbert function is preserved by taking initial ideals
inω(g(I)) ⊂ K[x1, . . . ,xn] by Proposition 2.1. The Hilbert function is also preserved if
initial ideals of inω(g(I)) are taken in classical Gro¨bner basis theory with respect to some
term order, (see [6, Theorem 15.26]). Any such initial ideal is one of finitely many mono-
mial ideals, as there are only finitely many monomial ideals with the same Hilbert func-
tion, see [12, Corollary 2.2]. We can now take D to be the set of total degrees of all min-
imal generators of all these monomial ideals, since every ideal inω(g(I)) has a Gro¨bner
basis of polynomials in these degrees. The claim now follows from the general fact that
two graded ideals coincide, if they coincide in the degrees appearing in a generating sys-
tem for each of them. 
This already implies that there are only finitely many possibilities of what the tropical
variety can be under a generic coordinate change which will be needed to prove that in
fact, there is only one such possibility in the main theorem. This follows from Theorem
5.1 together with the fact that the tropical variety always is a subcomplex of the Gro¨bner
complex.
Corollary 5.4. Let I ⊂ SL be a graded ideal and V ⊂ GLn(K) a subvariety. Then there
exists a Zariski-open set /0 6= U ⊂ V , such that the tropical variety T (g(I)) is one of a
finite set of polyhedral complexes for all g ∈U.
6. GENERATING SYSTEMS OF PROJECTION IDEALS
To prove the existence of generic tropical varieties on a given subvariety V of GLn(K)
some ideas and results from [11] need to be generalized. In particular, we want to apply
[11, Theorem 3.5] in a generic setting. There an ideal J is defined corresponding to a
prime ideal I and a linear projection pi . The idea behind this definition is, that the tropical
variety of J∩L[x1, . . . ,xn] essentially is the image of the tropical variety of I under pi , see
Proposition 8.1 (originally [11, Corollary 3.6]). Thus the ideals J and J ∩ L[x1, . . . ,xn]
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provide a tool describe the tropical variety of I by the simpler tropical varieties defined
by J or J∩L[x1, . . . ,xn]. We will loosely refer to these ideals as projection ideals.
In our setting all projection ideals J(g) obtained by this construction corresponding to the
prime ideals g(I) for g ∈ V need to be dealt with simultaneously. To handle these it is
convenient to consider the extension of I in the polynomial ring over the field extension
L(V ) of L as given in Definition 4.1. Then one can do the construction in this polynomial
ring as well, defining an ideal J(y) depending on V . The results needed are then obtained
by evaluating the residue classes of variables yi j at the gi j for a given g ∈ V . For this
the connection between J(y) and J(g) for g ∈ V needs to be established. The aim of this
section is to introduce these auxiliary ideals and show: There exists a finite generating
system of J(y) and a non-empty open set U ⊂V , such that if the gi j are substituted for the
yi j in these generators, a generating set of J(g) is obtained for every g ∈U .
By means of notation for a ring A and l ∈ N let
A[x,λ ,θ ] = A[x1, . . . ,xn,λ1, . . . ,λl,θ1, . . . ,θl]
be the polynomial ring in n+2l variables over A. We fix the following data for the rest of
this section:
• A set of l linearly independent vectors
{
u(1), . . . ,u(l)
}
in Zn,
• the composite variables τ1, . . . ,τn with
τi = xi ∏
u
( j)
i ≥0
λ u
( j)
i
j ∏
u
( j)
i <0
θ−u
( j)
i
j ,
• a graded ideal I ⊂ SL = L[x1, . . . ,xn],
• a subvariety V ⊂ GLn(K).
All constructions in this section will depend on this data. We first review the definition
of the ideal J in [11, Theorem 3.5] and adapt it to our purposes. Since we want to use
Gro¨bner basis theory, however, we do not want work in the ring
L[x1, . . . ,xn,λ±11 , . . . ,λ±1l ]
from the start as is done in [11], but in the “large” polynomial ring L[x,λ ,θ ].
Notation 6.1. Recall the L-algebra homomorphism y from Definition 4.1. We define the
following notation for projection ideals
J(y) = (y( f )(τ1, . . . ,τn) : f ∈ I)⊂ L(V )[x,λ ,θ ],
ˇJ(y) = (y( f )(τ1, . . . ,τn) : f ∈ I)⊂ L[V ][x,λ ,θ ],
J(g) = (g( f )(τ1, . . . ,τn) : f ∈ I)⊂ L[x,λ ,θ ] for g ∈ GLn(K).
Note that the ideals J(y) and J(g) correspond to the ideals J defined in [11, Section 3].
The ideal ˇJ(y) is of auxiliary purpose for this section (to prove the second claim of Lemma
6.2) and is of no further importance for us.
Since L[V ][x,λ ,θ ] is noetherian, there exists a finite system of generators among the given
generators of ˇJ(y). We fix such a generating system
G= {y( f1)(τ), . . . ,y( fr)(τ)}
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of ˇJ(y) for some y( fi)(τ) ∈ L[V ][x,λ ,θ ]. Note that this is also a system of generators of
J(y) ⊂ L(V )[x,λ ,θ ]. Since the chosen generators are elements of L[V ][x,λ ,θ ], there are
no denominators in the yi j and we can substitute every g ∈V for y. Hence, this system of
generators also defines a set of generators G(g) = {g( f1)(τ), . . . ,g( fr)(τ)} of each ideal
J(g) for g ∈V by the following simple observation.
Lemma 6.2. For every g ∈ V we have J(g) = (g( f1)(τ), . . . ,g( fr)(τ)). Moreover, there
is an open set /0 6=UG ⊂V, such that all polynomials in
{g( f1)(τ), . . . ,g( fr)(τ)}
have the same support for g ∈UG.
Proof. Let g ∈ V and g( f )(τ) be one of the generators of J(g) from Notation 6.1. Then
y( f ) ∈ ˇJ(y), so there exist h1, . . . ,hr ∈ L[V ][x,λ ,θ ] with
y( f )(τ) =
r
∑
i=1
hi(y)y( fi)(τ).
This implies
g( f )(τ) =
r
∑
i=1
hi(g)g( fi)(τ) ∈ (g( f1)(τ), . . . ,g( fr)(τ)),
proving that J(g) = (g( f1)(τ), . . . ,g( fr)(τ)). The set UG can be chosen as the set of all
g ∈V , such that no coefficient in the g( f1)(τ), . . . ,g( fr)(τ) vanishes. 
Following the procedure in [11] we later want to consider the ideals J(g) ⊂ L[x,λ ,θ ]
in the quotient ring L[x,λ ,λ−1]. We need to ensure that in passing from L(V )[x,λ ,θ ]
to the quotient L(V )[x,λ ,λ−1] we keep a finite generating system of the residue ideal
of J(y), such that if we substitute “generic” g ∈ V for y we obtain a generating system
of the residue ideal of J(g) in L[x,λ ,λ−1]. To do this let WA ⊂ A[x,λ ,θ ] be the ideal
WA = (λiθi−1 : i = 1, . . . , l) for A = L or A = L(V ).
We deal with the above problem for the ideals J(y)+WL(V ) and J(g)+WL using Gro¨bner
basis theory. The idea is to guarantee that the Buchberger algorithm applied to generators
of J(y)+WL(V ) consists of exactly the same computational steps as if it is applied to the
corresponding generators J(g)+WL generically.
Let ≻ be the lexicographic term order on A[x,λ ,θ ] induced by
λ1 ≻ . . .≻ λl ≻ θ1 ≻ . . .≻ θl ≻ x1 ≻ . . .≻ xn.
Recall that this is an elimination order with respect to the variables λ1, . . . ,λl,θ1, . . . ,θl ,
see [6, p. 361, Example 2].
Lemma 6.3. There exists an open subset /0 6=UG ⊂V and polynomials
h1(y), . . . ,hs(y) ∈ J(y)+WL(V ) ⊂ L(V )[x,λ ,θ ],
such that:
(i) G = {h1(y), . . . ,hs(y)} is the reduced Gro¨bner basis of the ideal J(y)+WL(V ) in
L(V )[x,λ ,θ ] with respect to ≻.
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(ii) G (g) = {h1(g), . . . ,hs(g)} is the reduced Gro¨bner basis of the ideal J(g)+WL in
L[x,λ ,θ ] with respect to ≻ for all g ∈UG .
(iii) The set G and all the sets G (g) for g ∈UG have the same support.
Proof. We start with the finite generating sets G∪ {λ1θ1−1, . . . ,λlθl−1} of the ideal
J(y) +WL(V ) and G(g)∪ {λ1θ1−1, . . . ,λlθl −1} of J(g) +WL, all of which have the
same support for all g ∈ UG as in Lemma 6.2. Proceeding by applying the Buchberger
Algorithm we compute the reduced Gro¨bner basis {h1(y), . . . ,hs(y)} of J(y)+WL(V ) with
respect to ≻. In each of the finitely many steps finitely many polynomials appear, which
all have quotients of residue classes of polynomials in the yi j as coefficients. Choose
UG ⊂UG ⊂V , such that none of these residue classes vanishes for any g ∈UG . Then UG
is non-empty and open and we have G (g) = {h1(g), . . . ,hs(g)} is a reduced Gro¨bner basis
of J(g)+WL with the same support. 
The ideals defining the tropical hypersurfaces used to express tropical varieties in Section
8 are the intersections of the quotient ideals of J(g) +WL in L[x,λ ,θ ]/WL with SL =
L[x1, . . . ,xn]:
Notation 6.4. For A = L oder A = L(V ) let
ϕA : A[x,λ ,θ ]−→ A[x,λ ,θ ]/WA
be the canonical ring epimorphism. Consider the images ϕL(V )(J(y)) and ϕL(J(g)). Then
we denote the ideal ϕL(V )(J(y))∩SL(V) by ˜J(y) and the ideal ϕL(J(g))∩SL by ˜J(g).
Note that ˜J(g) ⊂ SL is exactly the ideal J ∩ L[x1, . . . ,xn] as defined in [11, Section 3]
corresponding to the ideal g(I) instead of I for g ∈V . In particular, we have the following
result, which has been proved in [11, Lemma 3.3].
Lemma 6.5. With the notation from above we have that ˜J(y) ⊂ y(I) and ˜J(g) ⊂ g(I) for
every g ∈ GLn(K).
By the definition of WA there is a canonical A-algebra isomorphism between A[x,λ ,θ ]/WA
and A[x,λ ,λ−1] for A=L or A=L(V ). The elements of A[x,λ ,θ ]/WA can thus be thought
of as polynomial expressions in the x,λ and λ−1 rather than as residue classes. More-
over, A[x,λ ,λ−1] is a localization of A[x,λ ], which will be of use in the following state-
ment. Note that the polynomial ring SA = A[x1, . . . ,xn]⊂ A[x,λ ,θ ] is mapped injectively
to ϕA(SA)⊂ A[x,λ ,λ−1], since WA∩SA = {0}. Therefore we can identify SA with ϕA(SA).
For the proof of our main theorem we need that for g ∈ GLn(K) the ideals ˜J(y) ⊂ SL(V )
and ˜J(g)⊂ SL are prime if I ⊂ SL is prime. A version of this has also been proved in [10,
Theorem 3.11]. We include the proof of this statement in our setting.
Lemma 6.6. Let I ⊂ SL = L[x1, . . . ,xn] be a graded prime ideal. Then the ideal ˜J(y) in
SL(V ) is also prime. Moreover, all ideals ˜J(g) are prime for g ∈ GLn(K).
Proof. We will prove the statement for the ideal ˜J(y) in SL(V ). The proof for the ideals
˜J(g) for g ∈ GLn(K) can be done analogously. In the first part of the proof we will
consider L(V )[x,λ ,λ−1] as an L(V )[x]-algebra and denote it by SL(V )[λ ,λ−1] to display
this. In the second part L(V )[x,λ ,λ−1] will be considered as an L(V )[λ ,λ−1]-algebra. To
emphasize this we will denote it by L(V )[λ ,λ−1][x], when we do so.
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Consider the chain of inclusions
SL →֒ SL(V ) →֒ SL(V )[λ ] →֒ SL(V )[λ ,λ−1],
where the first one is given by y as in Definition 4.1 and the other ones are the natural
ones. As I ⊂ SL is prime, by Proposition 4.2 the extension y(I)⊂ SL(V ) is prime (this step
is superfluous in the corresponding proof for the ˜J(g)). Since SL(V )[λ ] is a polynomial
ring over SL(V ), the residue ring SL(V )[λ ]/y(I)SL(V)[λ ] is isomorphic to (SL(V )/y(I))[λ ].
As (SL(V )/y(I))[λ ] is an integral domain, so is SL(V )[λ ]/y(I)SL(V)[λ ]. Hence, y(I)SL(V)[λ ]
is prime. By [6, Proposition 2.2(b)] this implies that y(I)SL(V)[λ ,λ−1] is prime.
Let ψ : L(V )[λ ,λ−1][x]→ L(V )[λ ,λ−1][x] be the map of L(V )[λ ,λ−1]-algebras induced
by
ψ(xi) = xi
l
∏
j=1
λ u
( j)
i
j .
This map is an isomorphism with the inverse given by mapping xi to ∏lj=1 λ
−u( j)i
j .
With the canonical identification of L(V )[x,λ ,λ−1] with L(V )[x,λ ,θ ]/WL(V) the ideal
ψ(y(I)SL(V)[λ ,λ−1])⊂ L(V )[x,λ ,λ−1]
is exactly the ideal
ϕL(V )(J(y))⊂ L(V )[x,λ ,θ ]/WL(V )
as in Notation 6.4. Since y(I)SL(V)[λ ,λ−1] is prime by the above argument and ψ is an
isomorphism, the ideal ψ(y(I)SL(V)[λ ,λ−1]) is also prime. Thus ϕL(V )(J(y)) is prime.
This also means that the intersection ϕL(V )(J(y))∩SL(V) is prime, which by definition is
the ideal ˜J(y)⊂ SL(V ). 
The final aim of this section is to compute Gro¨bner bases of the same support of the ideals
˜J(y) and ˜J(g) using elimination with respect to the variables λ1, . . . ,λl,θ1, . . . ,θl. To be
able to apply this idea to the ideals ϕL(V )(J(y)) and ϕL(J(g)) we need to show that these
have the same intersections with SL(V ) and SL respectively as the ideals in Lemma 6.3:
Lemma 6.7. With the above notation (WL(V )+J(y))∩SL(V ) = ϕL(V )(J(y))∩SL(V ) = ˜J(y)
and (WL + J(g))∩SL = ϕL(J(g))∩SL = ˜J(g).
Proof. Since the proof does not depend on the chosen field L(V ) or L, it suffices to show
the first statement. The second one is proved in exactly the same way. For simplicity we
denote ϕL(V ) by ϕ and write J for J(y) as well as W for WL(V ) and S for SL(V ) in this proof.
Let h ∈ (W + J)∩S. Then ϕ(h) = h, since h ∈ S is independent of λ and θ . On the other
hand we can write h = hW +hJ, where hW ∈W and hJ ∈ J. Then we have
ϕ(h) = ϕ(hW )+ϕ(hJ) = 0+ϕ(hJ) ∈ ϕ(J).
Hence, h ∈ ϕ(J)∩S.
For the other inclusion let h ∈ ϕ(J)∩S. Since h ∈ ϕ(J), there exists b ∈ J with ϕ(b) = h.
The aim is to construct an element ˜b ∈ (W + J)∩S by adding a suitable element of W to
b. Then we know ϕ(˜b) = ϕ(b) = h, and both ˜b and h are independent of λ and θ , which
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implies ˜b = h. To find ˜b write b = ∑(ν1,ν2)∈N2l cν(x,y)λ ν1θ ν2 as a polynomial in the λ and
θ . Then we have
h = ϕ(b) = ∑
a∈Z2l
(
∑
ν1−ν2=a
cν(x,y)
)
λ a ∈ S.
If a 6= 0, then (∑ν1−ν2=a cν(x,y)) = 0. Writing
b = ∑
ν1−ν2 6=a
cν(x,y)λ ν1θ ν2 + ∑
ν1−ν2=a
cν(x,y)λ ν1θ ν2
the second part must be contained in W , since it maps to 0 under ϕ . So we can drop
the second part from b and this still maps to h under ϕ and is an element from W + J.
Without loss of generality it can thus be assumed that b is a polynomial in x1, . . . ,xn and
λ1θ1, . . . ,λlθl , since it only contains terms cν(x,y)λ ν1θ ν2 with ν1 = ν2.
To eliminate the λ jθ j from b observe that (λ jθ j)d−1 ∈W for every d > 0. Indeed
(λ jθ j)d−1 =
(
d−1
∑
s=0
(λ jθ j)s
)
(λ jθ j−1).
For every term c(x,y)(λ jθ j)t j ∏i 6= j(λiθi)ti we can subtract
c(x,y)
(
(λ jθ j)t j −1
)∏
i 6= j
(λiθi)ti ∈W
from b and thus eliminate the variable λ jθ j from this term. Doing this inductively for all
λ jθ j, j = 1, . . . , l in all terms of b we obtain the expression ˜b = b+bW ∈ S, for an element
bW ∈W . Hence, ˜b ∈ (J +W )∩S proving the claim. 
By elimination we can now find a Gro¨bner basis for ˜J(y)⊂ SL(V ), such that if we substitute
g ∈UG from Lemma 6.3 we obtain a Gro¨bner basis of ˜J(g) ⊂ S. Let G be the reduced
Gro¨bner basis of J(y)+WL(V)⊂ L(V )[x,λ ,θ ] with respect to the lexicographic term order
≻ and let G (g) the reduced Gro¨bner bases of J(g)+WL ⊂ L[x,λ ,θ ] with respect to ≻ for
all g ∈UG ; all as in Lemma 6.3.
Corollary 6.8. With the above notation we have:
(i) ˜G = G ∩SL(V ) is a Gro¨bner basis of ˜J(y)⊂ SL(V ) with respect to ≻.
(ii) ˜G (g) = G (g)∩ SL is a Gro¨bner basis of ˜J(g) ⊂ SL with respect to ≻ for all
g ∈UG .
(iii) The set ˜G and all the sets ˜G (g) for g ∈UG have the same support.
Proof. By elimination [6, Proposition 15.29] ˜G and ˜G (g) are Gro¨bner bases of (WL(V )+
J(y))∩SL(V ) and (WL + J(g))∩SL, respectively. By Lemma 6.7 we know that (WL(V )+
J(y))∩SL(V) = ˜J(y) and (WL + J(g))∩SL = ˜J(g). Finally, (iii) follows from Lemma 6.3
(iii). 
In particular, we have found a generating system ˜G of ˜J(y) and a non-empty open subset
of V , such that if we substitute the residue classes of the yi j modulo the defining ideal of
V by gi j in this set, we obtain a generating system of the ideal ˜J(g). Moreover, we get
the following simple corollary on the Krull dimensions of projection ideals, which will be
useful later.
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Corollary 6.9. For all g ∈UG as defined in Lemma 6.3 we have
dim(SL/ ˜J(g)) = dim(SL(V)/ ˜J(y))
for the ideals ˜J(g)⊂ SL and ˜J(y)⊂ SL(V ).
Proof. We have Gro¨bner bases ˜G (g) of ˜J(g) and ˜G of ˜J(y) with respect to some term order
≻ with the same support as stated in Corollary 6.8. This implies that in≻( ˜J(g)) ⊂ SL
and in≻( ˜J(y)) ⊂ SL(V ) are generated by the same monomials. Since the dimension of
monomial ideals does not depend on the ground field, we thus have
dim(SL/ ˜J(g)) = dim(SL/ in≻( ˜J(g))) = dim(SL(V )/ in≻( ˜J(y))) = dim(SL(V)/ ˜J(y)).

7. RATIONAL PROJECTIONS
The main tool to express a tropical variety as an intersection of tropical hypersurfaces as
done in [11] are certain linear projections. The idea is to first project a tropical variety,
such that the dimension of the ambient space is as small as possible, but no information
on the structure of the tropical variety is lost. For an m-dimensional tropical variety in Rn
it turns out, that a linear map from Rn to Rm+1 can be used for this. As the kernel of such
a map is (n−m−1)-dimensional, the inverse image of an m-dimensional tropical variety
is a finite set of polyhedra of dimension n−1 in Rn. In [11] it is shown that this inverse
image is a tropical hypersurface. We then need to recover the original tropical variety
from tropical hypersurfaces obtained by projections as described above. This is solved in
[11] by applying a theorem of Bieri and Groves [2, Theorem 4.4].
To proceed in the same way as done in [11] we need a version of [2, Theorem 4.4] for
finitely many subsets of Rn instead of only one.
Definition 7.1. Let m < n be positive integers and
pi :Rn −→ Rm+1
x 7−→ Ax
be a linear map with rational matrix A of maximal possible rank. Such a map will simply
be called a rational projection. Let Π be the set of equivalence classes of all rational
projections with respect to the equivalence relation
pi ∼ pi ′⇐⇒ kerpi = kerpi ′.
A vector subspace of Rn will be called rational, if it has a basis of rational vectors.
Note that kerpi is rational for pi ∈Π. Moreover, Π can be identified with
{U ⊂ Rn : U is a rational vector subspace of Rn, dimU = n−m−1} .
As in [2, Section 4.1] the topology on Π will be the one induced by the Zariski topology
of the Grassmannian GrR(n−m− 1,n). Thus Π is a dense subset of GrR(n−m− 1,n)
consisting of all rational vector subspaces of GrR(n−m−1,n).
Since every open subset of Π is by definition the intersection of an open subset of Π with
GrR(n−m− 1,n) and Π is dense in GrR(n−m− 1,n), it follows that every non-empty
open set in Π is dense. Note that [2, Lemma 4.2, Lemma 4.3 and Theorem 4.4], which
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consider the set of all (not necessarily rational) projections hold for Π with the above
topology as well. In particular, all of the following statements are well-defined on the
equivalence classes of Π, although they concern representatives of these.
One necessary condition to be able to recover a tropical variety from its image under a
rational projection pi is that pi preserves the dimension of all polyhedra in the tropical
variety. This is true for almost all rational projections as will be the content of the next
statement. It is a direct application of [2, Lemma 4.2], see also [19, Section 5] for a related
result.
Lemma 7.2 ([2]). Let m < n and D = {P1, . . . ,Pt} be a finite collection of m-dimensional
polyhedra in Rn. Then the set of all rational projections pi : Rn −→ Rm+1, such that
dimpi(Pi) = m for i = 1, . . . , t, contains an open and dense subset ˜D ⊂Π in the set of all
rational projections.
The key to recover tropical varieties from their images under rational projections is [2,
Theorem 4.4]. In [11] this theorem is directly applied to recover a single tropical variety.
To handle the generic case it is necessary to be able to apply [2, Theorem 4.4] to all
possible tropical varieties under a generic coordinate change. However, there is only a
finite number of possibilities of what the tropical variety of an ideal can be generically,
see Corollary 5.4. This hints at the necessity of the following version of [2, Theorem 4.4]
for our purposes, which can be proven in the same fashion as the original theorem.
Theorem 7.3 ([2]). Let A1, . . . ,At ⊂ Rn be arbitrary subsets and assume that there exists
a dense set D′ ⊂ Π of rational projections pi : Rn −→ Rm+1, such that pi(A j) is a finite
union of polyhedra of dimension less than or equal to m for every j ∈ {1, . . . , t}. Then
there exist pi0, . . . ,pin ∈ D′, such that for every j we have
A j =
n⋂
i=0
pi−1i pii(A j).
8. GENERIC TROPICAL VARIETIES
In this section the existence of the generic tropical variety for a graded ideal I on a subva-
riety V of GLn(K) will be established. We first prove this for graded prime ideals using
the methods in [11, Section 3], and then generalize this to arbitrary graded ideals. The
idea will be to construct finitely many polynomials Fi(g) ∈ g(I) with constant tropical
variety on a Zariski-open subset of /0 6=V ⊂ GLn(K) for which T (g(I)) =⋂i T (Fi(g)) for
g ∈V .
This amounts to giving a generic version of [11, Corollary 3.6] explained below. To do
this we need the ideals which are associated to I in [11] to describe the tropical variety of I
as an intersection of tropical hypersurfaces. We must deal with these ideals corresponding
to g(I) for all g in some non-empty open subset of V ⊂GLn(K) simultaneously. The main
technical treatment for this was done in Section 6, where we obtained generating systems
with the necessary properties for these ideals.
Let K →֒ L be as in Notation 3.2 and I ⊂ SL be a graded ideal. Let pi : Rn → Rm+1 be a
rational projection in Π as in Section 7. Fix a basis u(1), . . . ,u(l) ∈ Zn for l = n− (m+1)
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of kerpi . For g ∈ GLn(K) we consider the ideal
˜J(g) = ϕL(J(g))∩L[x1, . . . ,xn]⊂ L[x1, . . . ,xn]
as in Notation 6.4 a priori depending on the chosen basis u(1), . . . ,u(l). If g is the identity in
GLn(K), this is exactly the ideal J∩L[x1, . . . ,xn] from [11, Theorem 3.1], which provided
the idea for the definition of its generic versions in Section 6.
We first cite an important result from [11], which will establish the connection between
the ideals of Section 6 and the tropical variety of I. This allows us to express T (I) as an
intersection of tropical hypersurfaces.
Proposition 8.1 ([11, Corollary 3.6]). Let I ⊂ SL = L[x1, . . . ,xn] be a graded prime ideal
with dim(SL/I) = m. Then there exists a dense open subset D ⊂ Π, such that for pi ∈ D
we have: If dimpi(P) = m for every maximal polyhedron P in T (g(I)), then
T ( ˜J(g)) = pi−1pi(T (g(I)))
is a tropical hypersurface.
First of all we assert that for prime ideals the condition in Proposition 8.1 on the dimension
of the image of the maximal polyhedra of T (I) under pi can be met generically.
Remark 8.2. Let I ⊂ SL = L[x1, . . . ,xn] be a graded prime ideal with dim(SL/I) = m > 0
and V ⊂ GLn(K) a subvariety. From Corollary 5.4 we know that there exists an open
subset /0 6= U ⊂ V , such that T (g(I)) is one of finitely many m-dimensional polyhedral
complexes F1, . . . ,Fs for all g ∈ U . All these complexes are pure, as I is prime. By
Lemma 7.2 there exists an open and dense set ˜D⊂ Π, such that dimpi(P) = m for every
m-dimensional polyhedron P in any of the Fk for every pi ∈ ˜D. As both ˜D and D (from
Proposition 8.1) are open and dense in Π, so is D′ = ˜D∩D. So for every pi ∈D′ and every
g ∈U we have dimpi(P) = m for every maximal polyhedron P in T (g(I)).
To handle the ideals ˜J(g) for all g ∈V simultaneously we have also constructed the ideal
˜J(y) ⊂ L(V )[x1, . . . ,xn] in Notation 6.4. We will mainly need one important fact about
all these ideals: There is a finite generating system of ˜J(y) and a non-empty open subset
U ⊂ V , such that substituting the gi j for the variables yi j in the generators yields a finite
generating set of ˜J(g) for every g ∈U , all proved in Corollary 6.8.
In Theorem 8.4, which is the technical key statement in this section, we will show that
the ideal ˜J(y) is principal and we want to substitute g ∈ V into the given generator
in L(V )[x1, . . . ,xn]. For each g which can be substituted this yields a polynomial in
L[x1, . . . ,xn]. The tropical hypersurfaces defined by these polynomials are generically
all the same, as will be shown in the following lemma.
Lemma 8.3. Let V ⊂ GLn(K) be a subvariety and F(y) ∈ L(V )[x1, . . . ,xn] be a homoge-
neous polynomial. Then there exists an open subset /0 6=U ⊂V , such that T (F(g)) is the
same (possibly empty) polyhedral complex for all g ∈U.
Proof. Let F(y) = ∑η( fηhη )xη , where fη and hη are elements of L[V ] = L[Y ]/PL[Y ] as
used in Notation 3.5. Recall that fη and hη define functions from V to L. Consider F(y)
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as a polynomial in K(V ){{t}} [x1, . . . ,xn] via the canonical inclusion, see Corollary 3.4
and Notation 3.5. Thus we can write
F(y) = ∑
η
(
∑
µ∈R
(
∑ν aηνµyν +P
∑ν ′ bην ′µyν ′ +P
)
tµ
)
xη ,
where all aηνµ and bην ′µ are elements of K. For every η let
µηmin = v
(
∑
µ∈R
(
∑ν aηνµyν +P
∑ν ′ bην ′µyν ′ +P
)
tµ
)
be the valuation of the coefficient of xη .
Choose U ⊂V to be a non-empty open subset, such that for g ∈U we have:
(i) hη(g) 6= 0 for every η appearing. This ensures that we can substitute g into F(y).
(ii) fη(g) 6= 0 for every η . Thus F(g) is a polynomial in L[x1, . . . ,xn] with the same
support for all g ∈U .
(iii) ∑ν aηνµηming
ν 6= 0 and ∑ν ′ bην ′µηming
ν ′ 6= 0. This guarantees that for a given η and
ω ∈ Rn the expression
v
( fη(g)
hη(g)
)
+η ·ω ∈ R
is the same for every g ∈U .
As the tropical hypersurface of F(g) depends exactly on this data, we have that T (F(g))
is the same polyhedral complex in Rn for all g ∈U . This complex is empty, if and only if
F(y) is a monomial. 
With this we can now prove a general version of Proposition 8.1, which will be the crucial
step in the proof of the existence of generic tropical varieties.
Theorem 8.4. Let I ⊂ SL = L[x1, . . . ,xn] be a graded prime ideal with dim(SL/I) = m,
let V ⊂ GLn(K) be a subvariety and pi : Rn −→ Rm+1 a rational projection in D′ ⊂Π as
defined in Remark 8.2. Then
(i) either T (g(I)) = /0 for all g ∈V
(ii) or there exists F(y) ∈ y(I) ⊂ L(V )[x1, . . . ,xn] and an open subset /0 6= U ⊂ V ,
such that T (F(g)) is the same polyhedral complex for all g ∈ U and the set
pi−1pi(T (g(I))) is the (underlying set of) tropical hypersurface defined by F(g)∈
g(I).
Proof. If T (g(I))= /0 for all g∈V , there is nothing to prove. Assume there exists a gˆ∈V ,
such that T (gˆ(I)) 6= /0. In particular, dim(SL/I) > 0 in this case. The idea of the proof
is to obtain a polynomial F(y) ∈ L(V )[x1, . . . ,xn], such that ˜J(y) = (F(y)) is a principal
ideal. Then we want to choose U ⊂V , such that if we substitute the coefficients gi j for yi j
for g ∈U , we get that T ( ˜J(g)) = T (F(g)) is the same tropical hypersurface.
Since I is prime, the tropical variety T (gˆ(I)) of gˆ(I) is a pure m-dimensional polyhedral
complex. By Lemma 7.2 and Proposition 8.1 there exists a projection ρ ∈Π, such that the
tropical variety T ( ˜J(gˆ)) = ρ−1ρ(T (gˆ(I))) is a tropical hypersurface. As ˜J(gˆ) is prime by
Lemma 6.6, we have dim(SL/ ˜J(gˆ)) = n−1. Thus dim(SL(V )/ ˜J(y)) = n−1 by Corollary
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6.9. In addition, again by Lemma 6.6 the ideal ˜J(y)⊂ L(V )[x1, . . . ,xn] is a prime ideal. So
˜J(y) is a principal ideal, as it is prime and of height 1. This shows that ˜J(y) = (F(y)) for a
non-zero homogeneous polynomial F(y) ∈ L(V )[x1, . . . ,xn]. Note that by Lemma 6.5 we
have indeed F(y) ∈ y(I).
The next aim is to substitute appropriate g for the y in F(y), such that the conditions in
(ii) are fulfilled. In Corollary 6.8 we have obtained a finite generating set ˜G of the ideal
˜J(y) ⊂ L(V )[x1, . . . ,xn], such that if we substitute g in some non-empty Zariski-open set
UG ⊂V , then ˜G (g) is a generating set of ˜J(g)⊂ L[x1, . . . ,xn]. We have
˜J(y) = ( ˜G ) = ( f1(y), . . . , fq(y)) = (F(y)),
so we can write f j(y) = r j(y)F(y) and F(y) = ∑qj=0 s j(y) f j(y) for some polynomials
r j(y),s j(y) ∈ L(V )[x1, . . . ,xn] for every j = 1, . . . ,q. Choose ˜U ⊂UG to be a non-empty
open subset of V , such that for g ∈ ˜U no denominator in any of the coefficients of F(y)
and in any of the r j(y) and s j(y) for j = 1, . . . ,q vanishes. This condition implies that
˜J(g) = (F(g)), hence, T (F(g)) = T ( ˜J(g)) for all g∈ ˜U . Moreover, by Lemma 8.3 we can
choose a non-empty open subset U ′ ⊂ ˜U ⊂ V , such that T (F(g)) is the same polyhedral
complex for all g ∈U ′. In addition, F(g) ∈ g(I) by Lemma 6.5.
By Proposition 8.1 together with Remark 8.2 there exists an open subset /0 6= U ′′ ⊂ V ,
such that T ( ˜J(g)) = pi−1pi(T (g(I))). Hence, for every g ∈U =U ′∩U ′′ all the conditions
in (ii) are met, which proves the claim. 
In the previous statement it was shown that for a given rational projection pi under cer-
tain conditions pi−1pi(T (g(I))) is the same tropical hypersurface for almost all choices of
coordinates g. We will now use a theorem by Bieri and Groves (in the version stated as
Theorem 7.3) to show that in the generic case T (g(I)) is cut out by finitely many rational
projections. This proves the main result for the case of graded prime ideals, including the
existence of generic tropical bases as defined in Definition 4.8.
Theorem 8.5. Let I ⊂ SL = L[x1, . . . ,xn] be a prime ideal and /0 6= V ⊂ GLn(K) a closed
subvariety. Then there exists a non-empty Zariski-open set U ⊂V , such that T (g(I)) is the
same (possibly empty) polyhedral complex gTV (I) for all g ∈U. Moreover, if gTV (I) 6= /0
there exists a generic tropical basis of I.
Proof. By Theorem 2.3 for each g ∈ V the tropical variety T (g(I)) is either empty or
pure of dimension m. From Corollary 5.4 we know that there is a non-empty open subset
˜U ⊂V , such that if T (g(I)) 6= /0, it is one of finitely many pure m-dimensional polyhedral
complexes {F1, . . . ,Ft} for all g ∈ ˜U , but this complex is not a priori independent of the
chosen g.
Since the set D′ ⊂ Π as defined in Remark 8.2 is open and dense in Π, by Theorem 7.3
there exist rational projections pi0, . . . ,pin ∈ D′, such that
Fk =
n⋂
i=0
pi−1i pii(Fk)
for every k. For every i = 0, . . . ,n there exist Fi(y) ∈ L(V )[x1, . . . ,xn] and non-empty
Zariski-open sets U i ⊂ ˜U , such that pi−1i pii(T (g(I))) is either empty or a tropical hyper-
surface generated by Fi(g) ∈ g(I), such that T (Fi(g)) is the same polyhedral complex for
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all g ∈U i by Theorem 8.4. In particular, for a fixed index i the set pi−1i pii(T (g(I))) is the
same subset of Rn for all g ∈U i. Let U = ⋂ni=0U i, which as an intersection of finitely
many non-empty open sets is itself open. As
n⋂
i=0
pi−1i pii(T (g(I))) = T (g(I))
is the same set for all g ∈U as well, this proves the existence of generic tropical varieties
as a set.
Assume that T (g(I)) 6= /0. Since the tropical variety T (g(I)) is a subcomplex of the
generic Gro¨bner complex gGC(I) for every g ∈U ⊂ ˜U , we have a natural complex struc-
ture on T (g(I)). It follows that T (g(I)) is also constant as a polyhedral complex for all
g ∈U with this complex structure induced by Gro¨bner basis theory.
Moreover, one can obtain a generic tropical basis of I as follows. Since the Fi(g) al-
ready cut out the tropical variety for g ∈ U , we only need to add a finite generating
system of constant support. For this choose homogeneous generators f1, . . . , fs of I.
Then y( f1), . . . ,y( fs) generate y(I) ⊂ L(V )[x1, . . . ,xn]. By Lemma 8.3 we can choose
/0 6=U ′⊂U open, such that T (g( fi)) is the same polyhedral complex for all g∈U ′ and all
i. Adding the y( f1), . . . ,y( fs) ∈ y(I) to the set of the Fi(y) ∈ y(I) yields a generic tropical
basis of I on V valid on U ′. 
With Theorem 2.3 the assumption that I is prime can be dropped. We need the following
auxiliary result.
Lemma 8.6. Let V ⊂ GLn(K) a subvariety, P ⊂ SL be a graded prime ideal and y(P)
be its extension in SL(V ) via the inclusion given by Definition 4.1. If y(P) contains no
monomial, then there exists g ∈V, such that g(P) contains no monomial.
Proof. Although the valuation on L is not trivial, in this proof we use classical Gro¨bner
basis theory in SL(V ) and SL. Choose any term order ≻ on SL(V ) (this is a term order on
SL as well). By Theorem 4.5 there exists a non-empty open subset U ⊂ V , such that the
reduced Gro¨bner basis G (y) = { f1(y), . . . , fs(y)} of y(P) with respect to ≻ and the sets
G (g), where the gi j are substituted for yi j, have the same support for all g ∈U . Moreover,
G (g) is the reduced Gro¨bner basis of g(P) with respect to ≻ for g ∈U . Assume that y(P)
does not contain a monomial. In particular, we then have x1 · · ·xn /∈ y(P). Dividing x1 · · ·xn
by the Gro¨bner basis G (y) (in the sense of [14, Algorithm 1.3.4]) yields an expression
x1 · · ·xn =
s
∑
j=1
f j(y)r j(y)+ r(y),
where f j(y)∈ G (y), r j(y),r(y)∈ SL(V ) and r(y) is the normal form of x1 · · ·xn with respect
to G (y). Since x1 · · ·xn /∈ y(P), the polynomial r(y) 6= 0. Thus there exists an open subset
/0 6= U ′ ⊂ U , such that r(g) 6= 0 in SL for g ∈ U ′. As G (g) = { f1(g), . . . , fs(g)} is a
Gro¨bner basis of g(P) and r(g) is the normal form of x1 · · ·xn with respect to G (g), this
implies x1 · · ·xn /∈ g(P) for g ∈U ′. Hence, g(P) cannot contain a monomial for g ∈U ′,
since it is prime and every prime ideal in SL containing a monomial contains the particular
monomial x1 · · ·xn. This proves the claim. 
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Theorem 8.7. Let I ⊂ SL be a graded ideal and V ⊂ GLn(K) a subvariety. Then gTV (I)
exists. If gTV (I) 6= /0, there exists a generic tropical basis of I on V .
Proof. Let P1, . . . ,Pt be the minimal prime ideals of I. By Theorem 8.5 there are Zariski-
open sets /0 6=Ui ⊂ V , such that T (g(Pi)) is either empty or the same tropical variety for
every g ∈Ui. Since g(P1), . . . ,g(Pt) are the minimal prime ideals of g(I), by Theorem 2.3
this implies
T (g(I)) =
t⋃
i=1
T (g(Pi))
is the same set for every g∈U =⋂ti=1Ui. Analogously to the end of the proof of Theorem
8.5 one can additionally conclude that T (g(I)) is also constant as a polyhedral complex
for all g ∈U if it is non-empty.
Moreover, if gTV (I) 6= /0, we can also obtain a generic tropical basis of I. The idea is to
add a finite generating system of y(I) (analogously to the proof of Theorem 8.5) to a set
of polynomials in y(I) which cut out gTV (I) as follows:
We proceed by induction of the number t of minimal primes of I. If t = 1 and P1 is
the only minimal prime of I, then by Remark 4.3 the ideal y(I) has only one minimal
prime, which is y(P1). Thus
√
y(I) = y(P1). Let {F1(y), . . . ,Fl(y)} be a generic tropical
basis of P1 valid on an open subset ˜U ⊂ V , which exists by Theorem 8.5. Since Fi(y) ∈
y(P1) =
√
y(I), there exists ni ∈N, such that Fi(y)ni ∈ y(I). This implies Fi(g)ni ∈ g(I) for
g ∈ ˜U . Moreover, T (Fi(g)ni) = T (Fi(g)) by Theorem 2.3, so the set {F1(g)n1, . . . ,Fl(g)nl}
also cuts out the tropical variety T (g(I)). Analogously to the procedure in the proof of
Theorem 8.5 we can add {F1(y)n1 , . . . ,Fl(y)nl} to a finite generating system of y(I) to
obtain a generic tropical basis of I.
Let t > 1 and P1, . . . ,Pt be the minimal primes of I. If gTV (I) 6= /0, we can assume without
loss of generality that gTV (P1) 6= /0. By induction hypothesis we then have a generic
tropical basis {H1(y), . . . ,Hs(y)} of I′ :=⋂t−1i=1 Pi. We have to consider two cases:
(i) If gTV (Pt) 6= /0, we also have a generic tropical basis {F1(y), . . . ,Fl(y)} of Pt . Let
/0 6=U ′ ⊂U be open, such that both tropical bases are valid on U ′. For g ∈U ′ we
have
T (g(I)) = T
(
g(I′)∩g(Pt)
)
= T
(
g(I′)
)∪T (g(Pt))
=
(
s⋂
j=1
T (H j(g))
)
∪
(
l⋂
k=1
T (Fk(g))
)
=
⋂
j,k
(
T (H j(g))∪T (Fk(g))
)
=
⋂
j,k
T
(
H jFk(g)
)
.
26 KIRSTEN SCHMITZ
So the products H jFk(g) cut out T (g(I)) for g ∈ U ′. All products H jFk(y) are
elements of (
t−1⋂
i=1
y(Pi)
)
y(Pt)⊂
t⋂
i=1
y(Pi) =
√
y(I),
see Remark 4.3. This implies that we can choose n jk ∈N, such that (H jFk(y))n jk ∈
y(I). Since we know T (H jFk(g)) = T ((H jFk(g))n jk) for any g, we can add the
H jFk(y)n jk to a finite generating set of y(I). This yields a generic tropical basis
of I on V .
(ii) If gT(Pt) = /0, we know that g(Pt) contains a monomial for all g ∈V by Theorem
8.4. By Lemma 8.6 this implies that y(Pt)⊂ SL(V ) contains a monomial F . Since
multiplying by a monomial does not change a tropical hypersurface, we have
T (g(I)) = T (g(I′))∪T (g(Pt))
= T (g(I′))
=
s⋂
j=1
T (H j(g))
=
s⋂
j=1
T (H jF(g)).
Since F is an element of y(Pt), it follows that HkF(y) ∈ y(I′)∩ y(Pt) =
√
y(I).
Choose integers n1, . . . ,ns ∈ N, such that HkF(y)nk ∈ y(I). Adding
{H1F(y)n1, . . . ,HsF(y)ns}
to a generating set of y(I) as constructed above yields a generic tropical basis of
I on V .

We end this chapter with two basic observations about the structure, that the different
possible tropical varieties of an ideal I induce on GLn(K) in the following sense. By
considering g,g′ ∈GLn(K) to be equivalent if T (g(I))= T (g′(I)), it is a natural question,
of what can be said about the corresponding equivalence classes. While it is hard in
general to give a complete description of this structure, some fundamental properties can
be established directly. We first show the set of all coordinate transformations which
induce an empty tropical variety to be a closed subset of GLn(K). This is proved by
repeated use of Theorem 8.4.
Corollary 8.8. Let I ⊂ SL be graded ideal. Then the set {g ∈ GLn(K) : T (g(I)) = /0} is
closed in GLn(K).
Proof. We first consider the case, that I is a prime ideal. Denote
{g ∈ GLn(K) : T (g(I)) = /0}
by MI . We proceed by inductively applying the following fact, which holds by Theo-
rem 8.4: If W ⊂ GLn(K) is an irreducible subvariety, either W ⊂ MI or W ∩MI (W is
contained in a closed proper subset of W .
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To start, GLn(K) is an irreducible subvariety of itself, so we either have MI = GLn(K)
or MI ( GLn(K) is contained in a closed proper algebraic subset W 1 ⊂ GLn(K). In the
first case there is nothing to prove, while in the second case note that dimW 1 ≤ n2− 1.
Let W 11 , . . . ,W 1t1 be the irreducible components of W
1
. By the above statement we can
assume that W 11 , . . . ,W 1s1 are the irreducible components with W
1
k ⊂MI and W 1s1+1, . . . ,W 1t1
are the irreducible components of W 1 with MI ∩W 1k (W 1k is contained in a proper closed
algebraic subset W 2k of W 1k . Then dimW 2k ≤ n2−2. This yields the chain of inclusions
s1⋃
i=1
W 1i ⊂MI ⊂ (
s1⋃
i=1
W 1i )∪ (
t1⋃
i=s1+1
W 2i ).
To proceed consider the irreducible components of W 2 =
⋃t1
i=s1+1W
2
i and apply Theorem
8.4 to obtain a sequence of inclusions
(
s1⋃
i=1
W 1i )∪ (
s2⋃
i=1
W 2i )⊂MI ⊂ (
s1⋃
i=1
W 1i )∪ (
s2⋃
i=1
W 2i )∪ (
t2⋃
i=s2+1
W 3i ),
where W 21 , . . . ,W 2s2 are the irreducible components of W
2 contained MI and W 2s2+1, . . . ,W
2
t2
are the irreducible components of W 2 with MI ∩W 2k ⊂ W 3k for W 3k ⊂ W 2k closed with
dimW 3k ≤ n2−3 for each such k. By inductively decreasing the dimension of the closed
set marking the difference between the sets on the left and right side of the chain of
inclusions, we obtain the desired result for the case that I is prime.
Let I ⊂ SL be an arbitrary graded ideal and P1, . . . ,Pq its minimal primes. Then by The-
orem 2.3 we know that T (g(I)) =
⋃q
r=1 T (g(Pr)) for g ∈ GLn(K). So for a given g we
have T (g(I)) = /0 if and only if T (g(Pr)) = /0 for every r. Hence, MI =
⋂q
r=1 MPr , which
is itself closed as an intersection of the closed subsets MPr . 
Moreover, we can show that the set of equivalence classes of the above equivalence rela-
tion is finite, giving rise to only finitely many possible tropical varieties of a fixed ideal
under an arbitrary (linear) coordinate change.
Corollary 8.9. Let I ⊂ SL be a graded ideal. Then there exist finitely many polyhedral
complexes F1, . . . ,Ft in Rn, such that for any g ∈ GLn(K) we T (g(I)) = Fk for some k.
Note that one of the Fk in the statement can be the empty polyhedral complex.
Proof. We proceed by inductively cutting out Zariski-open sets of subvarieties of GLn(K)
for which T (g(I)) is the same polyhedral complex by using Theorem 8.7 repeatedly. In
each step of this process the dimension of the remaining set strictly decreases, as the
complement of a non-empty open set has always a strictly smaller dimension. For the first
step let /0 6=U ⊂GLn(K) be open, such that T (g(I))= gT(I) for every g∈U , which exists
by Theorem 8.7. The complement of U ⊂ GLn(K) is closed and, hence, is the union of
finitely many irreducible subvarieties of dimension less than n2. Again by Theorem 8.7 we
choose a non-empty Zariski-open subset UV of each such component V , such that T (g(I))
is the same (possibly empty) polyhedral complex for every g ∈ UV . The complement
of U ∪ (⋃V UV ) in GLn(K) now has dimension less than n2− 1 and thus is the union of
finitely many subvarieties of dimension less than n2−1. Proceeding inductively we add a
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finite number of possible polyhedral complexes for T (g(I)) to our collection in each step,
while decreasing the dimension of the set of the remaining g ∈ GLn(K). This algorithm
stops when the remaining set has dimension 0, i.e. it is a union of finitely many points.
We can finally add the tropical varieties corresponding to those points to our collection of
polyhedral complexes, thereby obtaining the desired result. 
This statement of course raises the natural question of classifying all possible tropical
varieties of a given ideal or class of ideals in cases of interest.
9. EXAMPLES
We conclude this paper with three classes of examples where generic Gro¨bner complexes
and generic tropical varieties are directly computable sketching the ideas and referring to
[23, Chapter 4] for full proofs.
Example 9.1. In [21, Theorem 4.5] it was shown that in the constant coefficient case
the generic tropical variety of a graded ideal I ⊂ SK on GLn(K) as a set depends only
on the dimension of SK/I. This seems to offer a rather coarse distinction of ideals by
their tropical varieties. It raises the question whether one can make a finer differentiation
by choosing a suitable subvariety V ⊂ GLn(K), for which gTV (I) can be different for
ideals of the same dimension, but is still computable. One such subvariety is the group
of diagonal matrices in GLn(K). While generic tropical varieties over GLn(K) provide a
very rough distinction of ideals, we will show that generic tropical varieties over diagonal
matrices constitute an example for the other extreme.
Let Dn =
{
g ∈ GLn(K) : gi j = 0 for i 6= j
}
be the set of all diagonal matrices of GLn(K).
This set is as well a subgroup of GLn(K) as an n-dimensional subvariety. In tropical
geometry it plays a role in the study of singularities of tropical curves, see [15]. We do
not assume to be in the constant coefficient case in this section.
By Theorem 8.7 we know that for every graded ideal I ⊂ SL there exists a non-empty
Zariski-open set U ⊂ Dn(K), such that T (g(I)) is the same polyhedral complex for every
g ∈ U , i.e. the generic tropical variety gTDn(K)(I) on Dn(K) exists. It is thus a natural
problem to describe gTDn(K)(I) and to ask what information of I can be obtained from it.
One can show directly that T (g(I)) = T (I) for all g ∈ Dn. The main reason for this is,
that in this special case taking initial forms commutes with changing coordinates: For a
homogeneous polynomial f ∈ SK , g ∈ Dn and ω ∈ Rn we have inω(g( f )) = g(inω( f )).
From this it follows that inω(g(I))= inω ′(g(I)) if and only if inω(I) = inω ′(I) for ω,ω ′ ∈
Rn and g ∈ Dn. In particular, I and g(I) have the same Gro¨bner complex. Showing that
the same polyhedra in this Gro¨bner complex correspond to monomial-free initial ideals
for I and g(I) yields that in fact T (I) = T (g(I)) for g ∈ Dn. This shows that for a graded
ideal I ⊂ SL there is always the n-dimensional subvariety Dn(K) of GLn(K), such that
T (g(I)) = T (I) for every g ∈ Dn(K).
Example 9.2. For principal ideals generated by some homogeneous polynomial 0 6= f ∈
SL = L[x1, . . . ,xn] we can explicitly describe the generic Gro¨bner complex and the generic
tropical variety on GLn(K). Even in the non-constant coefficient case gGC( f ) and gT( f )
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are fans, which are closely related to the generic tropical fan, see for example [21, Defini-
tion 4.1]. Analogously to [21, Lemma 5.1] we can find an open subset U ⊂ GLn(K) such
that
(i) g( f ) has constant support and every monomial xdj appears with non-zero coeffi-
cient,
(ii) the valuations of the coefficients of all monomials appearing in g( f ) are indepen-
dent of g,
(iii) the valuation of the coefficients of the xdj are all the same and minimal among the
valuations of all coefficients
for g∈U . This is done by considering the polynomial y( f )∈ SL(GLn(K)), where L(GLn(K))
is the field as in Notation 3.5. By Corollary 3.4 the field L(GLn(K)) is a valued subfield of
K(GLn(K)){{t}}. Regarding y( f ) as an element of SK(GLn(K)){{t}} we can choose U such
that none of the coefficients of y( f ) and none of the leading terms of those coefficients
vanish when substituting g for y for any g ∈U . This set U fulfills the above conditions.
For a homogeneous polynomial 0 6= f ∈ SL this yields a complete characterization of the
generic Gro¨bner fan and generic tropical variety on GLn(K). In fact:
(i) gGC( f ) is equal to the generic tropical fan Wn.
(ii) gT( f ) is equal to W n−1n , the (n−1)-skeleton of the generic tropical fan.
This is done by the same reasoning as in the proof of [21, Proposition 5.2]
Example 9.3. Tropical varieties of linear ideals, i.e. ideals generated by linear forms, in
the constant coefficient case have been studied in [1] using the theory of matroids. If we
choose V = GLn(K), the generic Gro¨bner complex and generic tropical variety of a linear
ideal can be computed explicitly. Even in the non-constant coefficient case both objects
are fans in Rn. Moreover, these fans just depend on the dimension of the ideal and have a
very symmetric structure.
One feature of linear ideals making this class accessible to Gro¨bner basis computations is
the direct connection of their structure to basic linear algebra. To be able to apply linear
algebra methods the first claim is that for ω ∈Rn the ideal inω(I) is linear. By Proposition
2.1 the Hilbert functions of (SL/I) and (SK/ inω(I)) agree. Hence, the multiplicities of
the corresponding projective varieties are the same. Since I is linear, this multiplicity is 1.
As linear varieties are exactly the varieties of multiplicity 1 (see [9, Exercise I,7.6.]), this
means that inω(I) is linear. Hence, by Theorem 5.1 the generic Gro¨bner complex gGC(I)
is equal to the generic Gro¨bner complex C 1 in degree 1 as introduced in Lemma 5.3.
To show that C 1 is a fan note that for g ∈ GLn(K) the L-vector space g(I)1 corresponds
to a point in the Grassmannian GrL(n−m,n). This holds, as there are n monomials of
degree 1 in SL and we have dimL g(I)1 = n−m. Thus the Plu¨cker coordinates PJ(g) of
g(I)1 are indexed by sets J ⊂ {1, . . . ,n} of cardinality n−m.
By the proof of Lemma 5.2 every Gro¨bner polyhedron C1g(I)[ω] of g(I) in degree 1 is
defined by equalities and inequalities among the expressions
v(PJ(g))+ω ·MJ,
where MJ =∑ j∈J µ j is the sum over the exponents of all monomials indexed by J as in the
proof of Lemma 5.2. The key point now is to show that there exists /0 6=U ⊂GLn(K) such
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that for every g ∈ we have v(PJ(g)) = v(PJ′(g)) for every J,J′ ∈ [n](n−m). We then have
equalities and inequalities of the form ω · (MJ−MJ′) < 0 and ω · (MJ−MJ′) = 0, which
define a cone in Rn. To prove the claim note that we can obtain an open set /0 6= U ′ ⊂
GLn(K) such that for given J the real number v(PJ(g)) is the same for every g ∈U ′ by
Lemma 5.2. Moreover, for every J,J′ ∈ [n](n−m) we can choose a coordinate permutation
τ ∈ GLn(K) such that PJ(τ ◦g) = PJ′(g) (this is the step where the proof fails for general
non-linear ideals, as this claim is false there). As every non-empty open set contains a
non-empty open set W such that g ∈W implies τ(g) ∈W for every permutation τ , the
claim follows by considering such a set W ⊂U ′.
Comparing the inequalities above then yields the following result. Let I ⊂ SL be a lin-
ear ideal with dim(SL/I) = m. Then the generic Gro¨bner complex gGC(I) contains the
following maximal cones: For ω ∈ Rn, such that
ωi1 , . . . ,ωin−m < ωin−m+1, . . . ,ωin
with {i1, . . . , in}= {1, . . . ,n} we have
C[ω] =
{
ω ′ ∈ Rn : ω ′i1 , . . . ,ω ′in−m < ω ′in−m+1 , . . . ,ω ′in
}
.
For the generic tropical variety gT(I) we now claim that gT(I) = W mn , the m-skeleton
of the generic tropical fan (even in the non-constant coefficient case). As gT(I) is a
subcomplex of gGC(I), we only have to show that |gT(I)| = |W mn | by the above result.
This can be proved along the following lines: Let ω ∈ Rn and g ∈ W as above. By
definition ω /∈ gT(I) if and only if inω(g(I)) contains a monomial. As inω(g(I)) is linear,
this is equivalent to inω(g(I)) containing a variable, say xk. This is true if and only if
inω(g(I))1 as a vector subspace of Ln contains the standard basis vector ek for that k.
Comparing the equalities and inequalities above this is the same as saying that ωk < ω j
for at least m indices j 6= k. This statement is equivalent to the fact that min j
{
ω j
}
is
attained at most n−m times, so ω /∈W mn completing the sketch of proof.
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